The unified general form of the Lagrangian of a convergent model of quantum field theory with ind~finite metric, including two eases which have previously been proposed, is investigated in detail. Starting from this Lagrangian, the unitarity of the actual S-matrix is also shown by an approach different from that used previously. The graphical contents concerning the physical processes described by the actual S-matrix are not altered at all from the previous one. That is, every point vertex in the usual theory is exactly replaced with an extended vertex in this model, the structure of which provides the sufficient convergency for the results. It is also shown that the bi-linear interaction terms connecting the physical spinor field with the unphysical spinor fields are never eliminated. This fact is the most essential feature of this model. The mass renormalization is also investigated in order to exclude the singularities of the propagator of the physical spinor field except the one corresponding to a physical mass. From this circumstance the troublesome problem about the mass levels of the physical spinor field is dissolved.
that every point vertex in the usual theory is exactly replaced with a kind of extended vertex in this model without any alterations of other results. d) Such a kind of extended vertex provides the sufficient convergency for the results. e) From the structure of the bi-linear interactions, the unitarity of the actual S-matrix Sis derived. f) The causality condition generally holds on account of the local property of the starting Lagrangian.
Especially with respect to e), the unitarity of the actual S-matrix is derived in such a way that any unphysical process never occurs through the diagrams described by the total S-matrix, that is, such an amplitude vanishes on the mass shell of each unphysical particle. It is due to the existence of the bi-linear interaction terms that such a special circumstance is obtained.
On the other hand, however, it is also possible for us to eliminate these cross terms through a suitable diagonal transformation for <pi and <p/, and to interpret the new unphysical fields obtained by this transformation as the original ones instead of <pi and <p/.
Thus, in this case we must deal with another scheme of the interactions and we can no longer obtain the vanishing amplitudes for arbitrary unphysical processes.
However, we can also show in such a case that the unitarity of the actual S-matrix holds. One of the main problems of the present paper is to show that the unitarity of the actual S-matrix is still guaranteed eyen if we start from the unified general form of the Lagrangian including the above-mentioned rewritten cases for I and I'.
The other bi-linear interaction terms which connect the physical spinor field with unphysical spinor fields play their essentially important roles in the structure of the S-matrix in order that the actual S-matrix may be kept unitary and all results may be kept convergent, and consequently their existence are inevitable in this model. It is also shown that we could never eliminate these terms by any diagonal transformation for spinor fields. This fact is the most essential feature of this model, otherwise the present theory will be included in the framework of the regularization method of Pauli-Villars. 3 ) Although such a kind of interaction terms could never be eliminated, it is still possible to have the most convenient representation for the unphysical fields by a suitable transformation within the framework of the same kind of interaction. From these circumstances, we set a reasonable and convenient form of the unified general Lagrangian, and then we give all discussions on the base of this starting La6rangian.
The main contents of I and I' given in the above paragraph, a) -f), holds without any change in the present paper too, by replacing (/Ji and ff/ with the new unphysical fields in question corresponding to them. It is also seen that the internal structure of the extended vertex with respect to any physical process (and consequently the internal structure of the actual S~matrix) in the present case is not altered at all from those of 1 and I'.
Another main problem of the present paper consists in the discussion about the mass renormalization procedure.*> Although some troublesome problem about the mass levels of the physical spinor particle remained without any satisfactory and definite solution in I and I', this problem is also dissolved in the present paper by adding a suitable self~mass Lagrangian to the total one. It is also shown that this self~mass Lagrangian never breaks the graphical correspondence between the usual point theory and the present one, as far as the processes described by the actual S~matrix are concerned.
Finally, the discussion about the simplest case in which only a single pair of the unphysical fields is included is also given. Although such a case does not always provide the sufficient convergency for all results, it is also promising for the formulation of the special system of the interaction. § 2. Starting Lagrangian and the particle picture for unphysical fields As mentioned In the preceding section, we can rewrite the form of the total Lagrangians in both 1 and I' unifiedly with a general form ~=~o+~', ~'=~1+~2,
i=l with the new unphysical fields Xi and X/, where the coupling constants ~J and gi are all real and restricted by the equations (2) The derivation of this form is given in the Appendix in detail.
It is shown in the Lagrangian (I) that the interaction -:!; 2 , which connects *) Hereafter, for convenience, we use the terminology "renormalization" as a temporal one to deal with the mass level of the particles. As will be seen in § 5, this renormalization differs from the ordinary one in its meaning. the physical spinor field ¢ (x) with the unphysical spinor fields Xi and X/, could never be eliminated and it is the final irreducible form.
To see this, we rewrite Eq. (J) in a matrix form such that -:t; = -{j}cara+ 13)@+ -:t;l where (/), a, and 13 are all matrices defined by
From these explicit forms of the matrices a and 13, it is clear that these two matrices never commute with each other. Thus, we could never diagonalize the matrix 13 so long as the matrix a is diagonal. This fact clearly shows that we could never eliminate the interaction -:!;; 2 by any linear transformation for spinor fields. This is the essential feature of this model, otherwise this model will be included into the framework of the regularization method of Pauli-Villars. 3 ) However, to avoid the complexity with respect to our treatment it is more convenient to rewrite the Lagrangian (1) again with another set of the unphysical fields ¢i and ¢/ as follows, though it is of course possible to apply the Lagrangian (I) as the starting point: J:: d:o+ -:!;;', -:!;;' = -:1;;1 + ~2+ ~3,
i-1 J:1 = f(¢r +¢r') C¢1 +¢/)A, -:1;;2=g' cfr-¢/) (¢2-¢/) +adjoint con;., -:1;;3=g(~+~')¢+adjoint con}., where or
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2g2 and coupling constants g, g' and f are taken as 377 (6) (6')
Comparing (1) and (5), we see at once that the transformation from Xi and X/ to ¢i and ¢/ never alter their masses and anticommutation relations concerning their respective indices i and consequently our particle picture for unphysical fields are not altered. Thus, it is clear that the Lagrangians 1; in (1) and 1; in (5) must describe the same contents for our system of the interactions. Although we can indeed obtain the same actual S-matrix independent of whether we apply 1; or J; as the starting Lagrangian, it will be shown that the latter is more convenient than the former in view of the rigorous treatment, since there arise a few ambiguities in the former with respect to the proof for the unitarity of the actual S-matrix. Although we can control these ambiguities so as to give the desirable results, the manipulation for it will be rather justified from the results obtained by the latter Lagrangian. From these circumstances, the J; is better than the J; in the formulation of this model and we hereafter take the J; as the starting point of the following discussions.
Moreover, it is clear that we could also never eliminate the bi-linear interactions ;;C 2 +i; 3 in (5). Thus, we understand that both forms of J; .and J; are the final expressions of our system with respect to the particle picture for unphysical fields and the appearing difference in their explicit forms is no more than the difference of their representations within the framework of the same ~ind of interaction.
I<:. Yokoya;na § 3. Interaction :rep1·esentation
As mentioned in the preceding section, the starting point of our discussion 1s the total Lagrangian !;given in (5) . From this -:1;, the equations of motion for all fields are derived as
Naturally, in this case we have a scheme of the interactions different from those of I and P and we can no longer obtain such a circumstance that no unphysical particle appears at the final states of the scattering even if we start from the physical initial states. However, in this case it will also be shown in the next section that the unitarity of the actual S-matrix S defined by
p ; projection operator to physical states, holds indeed. The present section is devoted to deal with the graphical contents about this model in order to obtain the clear knowledge concerning such a structure of the S-matrix.
For this purpose, we go into the interaction representation, similarly to I and I', such that all of s& (x), A (x), "f_,z (x), and X/ (x) satisfy their free-field equations (ro+tc)su=O, (0--p 2 )A=O, (r8+1.J¢z= (r8+1Jv5/=0, and free commutation or anticommutation relations
{¢i(x), ~(x')}=-{¢i(x) ¢/(x')}=(l/i)S(x-x'; I.J, with their respective masses given in the free Lagrangian in (5) . It is easily shown that the desirable representation is obtained with the interaction Hamiltonian chosen as
Then, the total S-matrix including all of physical and unphysical processes IS given by (12) and this IS kept pseudo-unitary on account of the self-adjointness of X (x)' that IS,
In this case, however, the contribution from any unphysical process does not vanish, since any F eynman diagram obtained from the Sin (12) is composed of the vertices given in Fig. 1 and these vertices directly give the final outputs (or the initial inputs) for all particles. In Fig. 1 , we have used the usual line for ¢-line and the wavy lines for ¢r and ¢/-lines, similarly to I. The numbers 1, 2, (1', 2') refer to the ¢r and ¢ 2 -lines (¢/-and ¢/-lines) respectively.
Moreover, it is clear that every vertex associating with the interactions ~r, -;;;(; 2 , and -;;;(; 3 never directly joins to itself by-way of unphysical propagators,
smc.e it holds that
It is also clear that two kinds of vertices associating with .J:: and 1:,~ never JOin to each other because of the same reason. Thus, non-vanishing connection composed of all spinor lines in any Feynman diagran"l is restricted only to such a type of interaction senes as and consequently a possible connection by propagators between two of !:vertices*) is given by the diagram as shown in Fig. 2 , which perfectly corresponds to those of I and I'. In Fig. 2 it must be noted that there is one and only one sb-line between the interval.
*l The terminologies f-vertex and g-vertex were usecl in I. The former refers to the vertex associating with the interaction ~ 1 , while the latter refers to that of the other kind of vertex. From these circumstances every physical process described by S is shown by the diagram where every point vertex in usual theory is exactly replaced with the extended vertex r (l:z, //) as given in Fig. 3 without any alteration of other results. In Fig. 3 the letters k and // denote the 4-momenta associating with the respective 1'-lines. The form of the T' (k, k') is easily obtained from
K. Yolwyarna
which IS the same result as those given in I and I'. 
as the self-mass term generally makes it a rule to construct a continuous series of the propagators by repeating the same interaction, it is clear that the present interactions never do so. The continuous lines made by the present bi-linear interac-Continuous lines made by the bi-linear interactions.
tions are restricted only to such types as shown in Fig. 4 , (a) -(b), and the other continuous repetition of the same interaction never occurs.
It comes from such a circumstance why we have been able to obtain the close correspondence about the graphical contents between this model and the usual point theory. § 4. Unitarity of the actual S-matrix
In this section we show that the actual S-matrix S defined by (8) is unitary For this purpose, suppose now that {tPa,a'} is the complete set of the orthonormal state vectors which is constructed from the total vacuum state by operating any six kinds of creation operators associating with the fields A (x), ¢ (x), (h (x), and ¢/ (x) suitably on it as usual, where the indices a, a' stand for the specification for all physical and unphysical particles included in it respectively.*> Then the matrix elements of the S in (12) between any two of physical states
The unit operator In this case is written by In the above expressions, if the following relations hold
the actual S-matrix S will be unitary in the partial space composed of physical states only, that IS, in the summation (15b) on account of the fact that the masses of (Aand ¢/particles are equal to each other in this interaction representation, where r/J;:,' 7 , denotes an unphysical state whose constituents are identical with those of r/J;:, 7 , except that the ¢i-particle in the latter is replaced with a ¢/-particle of the same momentum in the former.*> What we want to show is just that the cancellations between any two contributions from such a kind of pair as (18) and (18') indeed take place in the summation (15b) and (15b'). Now, taking an attention to the final output of the ¢rparticle (or ¢/-particle) from the jnitial state in (18) (or (18 1 ) ) , it is clear that this unphysical particle always appears by way of some of f-vertices because of the conservation of the energy and momentum in each vertex of the diagram (note that the masses of the physical spinor field and the unphysical spinor fields are different from one another).
However, there exist two types in the diagrams by which the processes about the matrix element (18) (or (18')) are described ; one is such a type of the diagram that the final ¢i-particle (or ¢/-particle) appears directly from an j:vertex as shown in Fig. 5, (a) , (b) and the other is such that the final ¢rparticle (or ¢/-particle) appears directly from a q-vertex by way of the j:vertex as shown in Fig *l If (}) 1~7 , 7 r contains a ¢/-particle of the same momentum as that of ¢i-particle, the (J)il 7 , 7 1 does not clearly exist on account of the exclusion principle. However, in such a case, the matrix element (18) does not exist from the beginning on account of the anticommutation relations between the creation operators of ¢r and ¢/-particles. These circumstances are clear in the structure of the S-matrix.
**l Here we do not touch upon the problem of the self-energy diagram. This;,kind of discussion will be given in detail in the next section. At any rate, the present discussion does not suffer from this problem. final outputs of the ¢r and ¢/-particles, and the A-lines written there may be either internal or external. ·Moreover, it is as a matter of course that the state (/);, 7 , in (18) may contain any more other unphysical particles than the ¢;-particle in it and the following discussion can generally hold in any case of the constitution for (/);, 7 ,, Let Aia be the contribution from the diagram possessing such a final output of the ¢rparticle as shown in Fig. 5 , (a) or (b) in the matrix element (18), then the contribution from the other type of the diagram such.as Fig. 5 , (c) or (d) will be
where k IS the momentum of the ¢z-particle and SF"'i and SPIC are given by
Of course, although the contribution (19) or (20) becomes singular at the free momentum ir,~+J.i=O of the ¢i-particle, our present discussion does not suffer from this fact. From the definitions (21), it is shown that we can take all of Srh (k) (j~i) and SFIC(k) real when (irk+J.i) =0, since we can always apply such a limiting process that Ej(jol:i) and E tend more rapidly to zero than Ei in this case. l\1oreover, in the stage before Ei00, we must apply the condition in order to obtain the rigorous results.*) Thus, the matrix element (18) becomes
or for i=2,
*> According to the usual method, the S-matrix of the infinite interval of time is calculated through the following two steps, that is, first the time interval is taken infinite and second all E in (21) are taken zero.
It must be noted that the phase difference between the two terms in bracket in (22) or (23) is just rr/2. As will soon be shown, this fact is essential in order that the unitarity of the S may hold.
Similarly, as is clear from Fig. 5 , the matrix element (18') will become il1 a (I+ iB1)
Thus, we now see that two contributions from the terms It goes without saying that the same argument holds immediately for the case of Eq. (15b').
Thus, we have here shown that Eqs. (J 5c) and (15c') are indeed derived from Eqs. (15a) and (15a'), that is, the unitarity of the actual S-matrix (17) is guaranteed.
It must be noted that the bi-linear interactions 1:: 2 and 1:: 3 play their essentially important roles in this model in order to keep the actual S-matrix unitary and the results convergent. These circumstances are clear in the discussions given so far. § 5. Mass !l·cnormalization So far, for the sake of simplicity, we have not touched upon the problem of the mass renormalization. In this section we deal with this problem.
For this purpose, suppose the proper self-energy part of the unphysical fields (¢ 1 +¢/), say -i'If'c 1 (-irk), including all higher order contributions with respect to f. Then, the self-energy part of the unphysical fields (¢ 2 -¢/), say
The self-energy part of the physical spinor field </' (x), say -i9JC (-irk), IS also obtained from this 9]( 2 (-irk) by (25) Thus, if we leave this circumstance as it stands, naturally some troublesome problem about the mass levels of the particle described by the sb (x) will arise.*) However, this problem will also be dissolved in this section by introducing the following self-mass Lagrangian into the total Lagrangian (5) : Now, it is shown that the desirable mass term Lagrangian in order to carry out the mass renormalization procedure consistently is chosen as -;;(, s = -;;(, s1 + 1;~2' -:
where we have neglected an uninteresting self-mass term for the physical neutral scalar field A (x). The parameters rJtc, o) 1 , r1) 2 , and fls will be set in the following.
With this self-mass term Lagrangian -:Cs, . the total interaction Lagrangian -:C/, (28) gives the one-body process for ¢ (x) with respect to an arbitrary momentum k as shown in Fig. 6, (a) . Let this contribution be -il'(-irk), then we have --01-1 -r)}z ~ + -X""'X'VV'X/VvX'-"-"X-+ -X~X"V'V'.X-- 
where we have used Eqs. (21), (24), and (25). In order that the J' (i.) may not become singular at the momenta, ) = )r, and ) = ) 2 , it is easily shown from its form (29) that the condition
must be satisfied, that is, the following equations must hold : when -irk becomes near the. value rc. Then, it 1s seen that the expressiOn (34) contains a kind of ambiguity,*> since (irk+1c) operating on s6' (k) gives zero, while operating on 3 1 / (k) it gives A 1 .**l IIowever, such a kind of indeterminacy will be removed to give the result s6' (k) =Z 112 1' U~) from the unitarity condition for S, if we set
since, as will be shown in the following, Eqs. (15c) and (15c') (that is, Eq. (17) ) can hold in this case, too.
*> In this respect, for example, see references 4) and 5). **> At first sight, it may seem that we must choose
Sp"ZcJ/=0
without any ambiguity if we note the discussion to derive Eqs. (22) and (23), but this is not true, since the above expansion of Z (-irk) itself is ambiguous with respect to the expansion variable, that is, there is no criterion to decide whether the variable is (irk+K) or (irk+K-iE).
Next, taking into account these corrections of self-energy parts, let us consider the final outputs (or initial inputs) of ¢c and ¢/-particles corresponding to Fig. 5 . Then, it is clear that all diagrams in Fig. 5, (a) -(d) must be replaced with the diagrams in Fig. 7, (a)-(d) respectively. In Fig. 7 , the real bold face lines denote the propagator SF"'. : First, the external outputs (or inputs) in Fig. 7, (a) becomes
The expression (38) is also indeterminate,*l smce {W1 1 ( -irl~) -o/ 1 }, in the first term of (39), operating on (ifh(k) +¢/(!~)) gives zero from Eq. (30) to lead the singular result
while operating on its left it gives a singular result to lead
(40') (note that SFIC'(k) does not become singular at the momentum zfk+J. 1 =0).
However, this indeterminacy depending on the order in which the factors are evaluated will also be removed from the unitarity condition of the total Smatrix. Indeed, if we take into account the fact stated in (35), we must take
(41) ' 111 order to carry out this renormalization procedure consistently.
It will be seen that the result in (41) is the arithmetical mean of those of (40) and (40') (compare Eq. (41) to Eq. (36)).
Similarly, the external outputs (or inputs) in Fig. 7, ( 
The expression ( 42) is also indeterminate, according to the order in which the factors are evaluated. This means the same situation as that of the expression (38). Thus from the same reason ·applied above, it is clear that we must take g1ven by the diagrams in w~ich SF/'(1~) in Fig. 5 , (c) and (d) are replaced with S/'i (k) respectively. Thus, after all, the diagrams in Fig. 7 with respect to the final outputs (or initial inputs) of the unphysical particles give rise to no newer circumstance than that given in Fig. 5 under Eqs. (41) and (44) and we see at once that the derivations of Eqs. (15b) and (15b') from Eqs. (15a) and (15a') must hold in this case, too, that is, Eqs. (15c) and (15c') (or Eq. (17)) can hold to keep the S unitary.
We have now been able to deal with the troublesome problem about the mass levels of the particle described by sb (x) consistently so as to make ¢ (x) associate with a single particle of a definite mass. Turning to the one-body processes for unphysical particles, we see at once that Eqs. (30) and (31) make the diagram~> given in Fig. 6, (b) and (c) vanish. Moreover, Eqs. (41) and (44) tell us that other one-body processes for unphysical particles as given in Fig. 8 are also set to lead the vanishing results. Thus, the remaining one-body processes for unphysical particles are only restricted to the diagrams of such types as shown in Fig. 9 , where the physical spmor propagators SFIC (k) in Fig. 4, (b) and (d) are replaced with SFIC' (k).
In the present paper such one-body processes are left as they are.
(b) Fig. 9 . Non-vanishing one-body processes for ¢i-and ¢/-particles.
The fact that the masses of ¢z and ¢/ U1 and }2) are not corrected at all through this renormalization procedure is also seen in the form of the self-mass Lagrangian (27). By simple calculations, it will be shown that the Lagrangian (27) is never eliminated by any linear transformation for unphysical fields, that is, the free masses of these unphysical fields are not shifted at all by the existence of this interaction alone. It goes without saying that we must take these masses i: 1 and i: 2 as those given in the form of total interaction Lagrangian (28) from the beginning. § 6. Simplest case with a single pair of the unphysical fields 391 In this section we discuss the sirpplest case of this model in which only a single pair of the unphysical fields is included. From the discussion of the unitarity condition in § 4, it will be shown that the following Lagrangian also gives the unitary actual S-matrix :
;;!; = J;, 0 + 1:, I, ;;!; I=;;!; 1 + ;;(;, 2, :G a=-¢ era +tc) ~b-;lcra -1-;) ¢+¢'era+;
;;!; 2 = g (if>--?/)¢+ adjoint conj.
In this Lagrangian it is also shown that the interaction d; 2 could never be eliminated by any linear transformation for spinor fields.
It seems that the Lagrangian ( 45) can give the sufficient contents for our requirement with respect to convergency and unitarity. Indeed, there occurs no divergent result in the-calculation of any matrix element at this stage. However, if we want to try the mass renormalization as in the preceding section, we must at least introduce such a term as (~tc¢¢ and consequently we see that the logarithmically divergent diagrams as given in Fig. 10 necessarily occur, since in this case the extended verte,x corresponding to Fig. 3 becomes i'rk+J.
Thus, this simplest case does not always provide the sufficient convergency .for all results and we see that two pairs of unphysical fields (four kinds of unphysical fields) are generally necessary to obtain such an asymptotic behaviour of r (k) as F'(k) '""-' 1 k2
However, in special cases where, for example, the interaction :G1 has the type of vector coupling, the divergence from the diagram as Fig. 10 will disappear under the subsidiary condition as gauge invariance. Thus, this' simplest case is also promir:ir g for the formulation of the special system where the interaction J;, 1 could be taken suitably so as not to derive the divergence. § 7. Dis(~ussions From the discussions untill § 6, we have seen, at any rate, that a convergent and unitary actual S-matrix S is obtained. We have known that there exists at least a kind of possible S-matrix theory with the infinite interval of time.
Thus, it will perhaps be possible to formulate the theory of observation so as not to deal with the unphysical fields explicitly and so as to describe the possible physical processes by this actual S-matrix. However, we do not touch upon this problem further more at this stage of the investigation. This is left as it is to the next problem how we apply this model to real physics. Of course, it may naturally happen in such applications that several modifications about the present contents are required according to each system of several branches. Especially, the one-body processes for unphysical fields as given in Fig. 9 may derive troublesome problems in several cases and then it will be more desirable to deal with such processes by further devices, if possible.
Finally, we give some comment about the constant of motion of this model. Suppose now a current operator j fl o (x) defined by j fl o (x) c=(/;r u ~I;+ 2~¢~r p¢i-~~! rp 9/. (47) ?;
i Then, as easily shown in any cases of the Lagrangians (1), (5) , and (45) ,*l the continuity equation (48) holds for this j fl o (x). Thus, Eq. ( 48) shows that, for the fourth component j4 (x), the quantity (' j t=a;J 4 (x) {PX 1s conserved through the interaction and it is a constant of motion. This fact is clear in the graphical observation if we take into account the signs of the anticommutators of these unphysical fields.
Thus, in the application of this model to some of real physics it is clear that the current operator j fl o (x) serves its important roles as an observable and it may give some important keys for the formulation of such a system as quantum electrodynamics.
Moreover, under the circumstance given in the present paper so far, it is clear that we can also introduce unphysical Bose fields to regularize the physical Bose field by the same approach as given for the physical spinor field. where g 1 and h.i are given for the former J; by
and for the latter ~ by (A·17)
Although the coupling constants y/ and fi.i in both (A ·16) and (A ·17) do not satisfy the condition (2), this comes from the trivial matter of the representation. Indeed, if we rewrite X1 with X/ (X/ with X1) for the same X 2 and X/, and take fli by the forms of the Lagrangians in both cases become just as g1ven 1n (1) with the condition (2).
